In this paper, we introduce the notion of fuzzy associative I-ideals in an IS-algebra with respect to a t-conorm and investigate some of its properties. We discuss the properties of homomorphic image and inverse image of S-fuzzy associative I-ideals in an IS-algebras. Relationship between T -fuzzy associative I-ideals and S-fuzzy fuzzy associative Iideals of an IS-algebra is introduced. Connections between different types of fuzzy associative I-ideals induced by t-conorms are also studied.
Introduction
Y. Imai and K. Iséki introduced two classes of logical algebras: BCK-algebras and BCI-algebras [8, 9] . It is known that the class of BCI-algebras is a generalization of the class of BCK-algebras. This notion is originated from set theory, and also from classical and non-classical propositional calculus. Jun et al. [10] introduced a class of algebras related to BCI-algebras and semigroups, called a BCI-semigroup. For the convenience of study, Jun et al. [11] renamed the BCI-semigroup as an IS-algebra and studied some of its properties. The notion of fuzzy sets was first introduced by L. A. Zadeh [13] in 1965. On the other hand, B. Schweizer and A. Sklar [7, 6] introduced the notions of Triangular norm (t-norm) and Triangular conorm (t-conorm). The triangular norms(t-norms) and the triangular conorms (t-conorms) are the most general families of binary operations that satisfy the requirement of the conjunction and disjunction operators, respectively. Thus, the t-norm generalizes the conjunctive( AND) operator and the t-conorm generalizes the disjunctive(OR) operator. In application, the t-norm T and the t-conorm S can be regarded as functions that map the unit square into the unit interval. In this paper, we introduce the notion of fuzzy associative I-ideals in an IS-algebra with respect to a t-conorm and investigate some of its properties. We discuss the properties of homomorphic image and inverse image of S-fuzzy associative I-ideals in an IS-algebras. Relationship between T -fuzzy associative I-ideals and Sfuzzy fuzzy associative I-ideals of an IS-algebra is introduced. Connections between different types of fuzzy associative I-ideals induced by t-conorms are also studied.
Preliminaries
In this section we review some elementary aspects that are necessary for this paper. By a BCI-algebra we mean (X; * , 0) of type (2, 0) satisfying the following conditions:
for all x, y, z ∈ X. We define a partial order '≤' on the BCI-algebra X by x ≤ y if and only if x * y = 0. Any BCI-algebra X has the following properties:
By an IS-algebra we mean a nonempty set X with two binary operations "*" and "·" and constant 0 satisfying the following axioms:
iii) The operation "· "is distributive (on both sides) over the operation " * ", that is x.(y * z) = (x.y) * (x.z) and (x * y).z = (x.z) * (y.z) for all x, y, z ∈ X.
A nonempty subset I of a semigroup S(X) = (X; .) is said to be stable if xa ∈ I whenever x ∈ S(X) and a ∈ I. A nonempty subset I of an IS-algebra X is called a left(respectively, right)Iideal of S if (I) I is a left(respectively, right) stable subset of S(X), (II) for any x, y ∈ I(X), x * y ∈ I and y ∈ I imply x ∈ I.
A nonempty subset I of an IS-algebra X is called a left (respectively, right) associative I-ideal of X if (a1) I is a left(respectively, right)stable subset of S(X), (a2) for any x, y, z ∈ I(X), (x * y) * z ∈ I and y * z ∈ I imply that x ∈ I.
We now review some fuzzy logical concepts. A mapping μ : X → [0, 1], where X is an arbitrary nonempty set, is called a fuzzy set in X. For any fuzzy set μ in X and any s ∈ [0, 1], we define the set 
A fuzzy set μ in a BCI-algebra X is called a fuzzy ideal with respect to a t-conorm of X if, for all x, y ∈ X it satisfies:
satisfies the following conditions:
Proposition 2.1. For a t-conorm t. Then the following statement holds.
In what follows, associative I-ideal shall mean left associative I-ideal.
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Fuzzy associative I-ideals with respect to tconorms Definition 3.1. A fuzzy set μ in an IS-algebra X is called a fuzzy I-ideal of X with respect to a t-conorm (briefly, S-fuzzy I-ideal ) if
(SF3) μ is a fuzzy stable set in S(X) with respect to a t-conorm , (SF4) μ is a fuzzy ideal of a BCI-algebra X with respect to a t-conorm
Definition 3.2. A fuzzy set μ in an IS-algebra X is called a fuzzy associative I-ideal of X with respect to a t-conorm(briefly, S-fuzzy
for all x, y, z ∈ X. 
Lemma 3.4. A fuzzy set μ in an IS-algebra X is a S-fuzzy I-ideal of X if and only if it satisfies:
(i) μ(x) ≤ S{μ(x * y), μ(y)} for all x, y ∈ X. (ii) μ(x.y) ≤ μ(x) for all x, y ∈ X.
Proposition 3.5. Every S-fuzzy associative I-ideal is a S-fuzzy I-ideal.
Proof. Let μ be a S-fuzzy associative I-ideal of an IS-algebra X and let x, y, z ∈ X. Then
It follows from Lemma 3.4 that μ is a S-fuzzy I-ideal of X.
The converse of Proposition 3.5 is not true in general as seen in the following example. Proof. Let μ be a fuzzy I-ideal of an IS-algebra X satisfies condition μ(x) ≤ μ((x * y) * y). It is sufficient to show that μ satisfies conditions (SF6). Notice that
for all x, y, z ∈ X. This ends the proof. Proof. Let μ be a S-fuzzy associative I-ideal of X and let α ∈ [0, 1]. Let x, y, z ∈ X be such that x ∈ L(μ; α), y ∈ L(μ; α), z ∈ L(μ; α). Using (SF5) and (SF6), we have
y ∈ L(μ; α) and x ∈ L(μ; α).
Conversely, assume that every nonempty level subset L(μ; α) of μ is a associative I-ideal of X. Then it can be easily checked that μ satisfies (SF 5). If there exist x, y, z ∈ X such that μ(x) > S (μ((x * y) * z), μ(y * z)), then by taking t 0 := 1 2 {μ(x) + S(μ((x * y) * z), μ(y * z))}, we have (x * y) * z ∈ L(μ; t 0 ) and y * z ∈ L(μ; t 0 ). Since μ is a associative I-ideal of X, x ∈ L(μ; t 0 ), we have μ(x) ≤ t 0 , a contradiction. Hence μ is a S-fuzzy associative I-ideal of X. 
Theorem 3.10. An onto homomorphism preimage of a S-fuzzy associative I-ideal of X is a S-fuzzy associative I-ideal.
Proof. Let f : X → Y be an onto homomorphism of IS-algebras. If v is a S-fuzzy associative I-ideal of Y and μ is the preimage of v under f , then for any x, y, z ∈ X, we have
This shows that μ is a fuzzy associative I-ideal of X with respect to a t-conorm S. Proof. Let f : X → Y be an epimorphism of X and μ a fuzzy associative I-ideal of X with the inf property. Consider
and μ(z 0 ) = inf
respectively. Then we can deduce that
Consequently, μ f is a associative I-ideal of Y . Proof. For any x, y, z ∈ X, we have
Hence μ f is a S-fuzzy associative I-ideal of X.
We now characterize the S-fuzzy associative I-ideals of an IS-algebra. Proof. The sufficiency follows from Lemma 3.14. In proving the necessity, Let
and
Hence μ is a S-fuzzy associative I-ideal of Y .
Lemma 3.16. Let T be a t-norm. Then t-conorm S can be defined as
Proof. Straightforward. Proof. Let μ be a T -fuzzy associative I-ideal of X. For x, y, z ∈ X, we have
Hence μ c is a S-fuzzy associative I-ideal of X. The converse is proved similarly. 
Proof. For any x, y ∈ X, we have
S is a S-fuzzy associative I-ideals of X. Theorem 3.20. Let S be a t-conorm. Let X 1 and X 2 be IS-algebras and X = X 1 × X 2 be the direct product of IS-algebras X 1 and X 2 . Let λ be a fuzzy associative I-ideal of an IS-algebra X 1 with respect to S and μ be a fuzzy associative I-ideal of an IS-algebra X 2 with respect to S. Then ν = λ × μ is a fuzzy associative I-ideal of X = X 1 × X 2 with respect to S defined by ν(x 1 , x 2 ) = (λ × μ)(x 1 , x 2 ) = S(λ(x 1 ), μ(x 2 )).
Proof. Obviously, ν(x.y) ≤ ν(y), for all x, y ∈ X. Let x = (x 1 , x 2 ), y = (y 1 , y 2 ) and z = (z 1 , z 2 ) ∈ X 1 × X 2 = X. Then Hence ν is a fuzzy associative I-ideal of X with respect to S. 
